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ABSTRACT 

The generalized deformed oscillator schemes introduced as unified frameworks of various 
deformed oscillators are proved to be equivalent, their unified representation leading to 
a correspondence between the deformed oscillator and the N=2 supersymmetric quantum 
mechanics (SUSY-QM) scheme. In addition, several physical systems (two identical particles 
in two dimensions, isotropic oscillator and Kepler system in a 2-dim curved space) and 
mathematical structures (quadratic algebra QH(3), finite W algebra Wo) are shown to posses 
the structure of a generalized deformed su(2) algebra, the representation theory of which is 
known. Furthermore, the generalized deformed parafermionic oscillator is identified with the 
algebra of several physical systems (isotropic oscillator and Kepler system in 2-dim curved 
space, Fokas-Lagerstrom, Smorodinsky-Winternitz and Holt potentials) and mathematical 

constructions (generalized deformed su(2) algebra, finite W algebras Wq and W3 ). The fact 

(2) 

that the Holt potential is characterized by the W3 symmetry is obtained as a by-product. 



'1 Introduction 

^ Quantum algebras (quantum groups) |0, ^ , are nonlinear generalizations of the usual Lie algebras to which they 
.reduce for appropriate values of the deformation parameter(s). From the mathematical point of view they are Hopf 
^ ■ algebras |^ . Their use in physics became popular with the introduction of the g-deformed harmonic oscillator |^, ^ 
• ^ ,as a tool for providing a boson realization of the quantum algebra suq(2), although similar mathematical structures 
'had already been known |Q, ||. Initially used for solving the quantum Yang-Baxter equation ||^, quantum algebras 
^ .have subsequently found applications in several branches of physics, as, for example, in the description of spin chains, 
■ ■ ■ 'squeezed states, rotational and vibrational nuclear and molecular spectra, and in conformal field theories. By now 
several kinds of generalized deformed oscillators have been introduced 111], |l^ and unification schemes for them 
have been suggested [|l3| . 

Furthermore, generalized deformed su(2) algebras have been introduced jl^, ^ in a way that their representation 
theory remains as close as possible to the usual su(2) one. It will be shown here that several physical systems (two 
identical particles in two dimensions [ p^ , isotropic oscillator and Kepler system in a 2-dim curved space [ pT) , as well 
as the quadratic algebra QH(3) and the finite W algebra Wq can be accommodated within this scheme. The 
advantage this unification offers is that the representation theory of the generalized deformed su(2) algebras is known 

.. . ... . ^ . 

In addition, generalized parafermionic oscillators have been introduced |pO[ , in analogy to generalized deformed 

oscillators. It will be shown here that several physical systems (isotropic oscillator and Kepler system in a 2-dim 
curved space Fokas-Lagerstrom potential Smorodinsky-Winternitz potential [^, Holt potential |2^) and 
mathematical constructions (generalized deformed su(2) algebra [O, Fsl, finite W algebras Wq 111] and Wp^* 



3 

^6| , |27| ) can be accommodated within this framework. As a by-product the fact that the Holt potential is characterized 
by the Wg^-* symmetry occurs psf . 

In section 2 the various deformed oscillators will be put in a common mathematical framework, while in section 
3 various unification schemes will be proved to be equivalent. In section 4 the relation of the deformed oscillator to the 
N=2 supersymmetric quantum mechanics (SUSY-QM) scheme will be pointed out. In section 5 the cases related to 
the generalized deformed su(2) algebra will be studied, while in section 6 the systems related to generalized deformed 
parafermionic oscillators will be considered. Section 7 will contain discussion of the present results and plans for 
further work. 



2 The generalized deformed oscillator 

By now many kinds of deformed oscillators have been introduced in the literature. All of them can be accommodated 
within the common mathematical framework of the generalized deformed oscillator |ll|, |2j, which is defined as 
the algebra generated by the operators {1, a, a^, N} and the structure function ^(x), satisfying the relations 

[a,N]^a, [a\N] = ~a\ (2.1) 

a^a = $(Ar) = [A^], aa^ = $(iV + 1) = [iV + 1], (2.2) 

where $(a;) is a positive analytic function with $(0) = and N is the number operator. From eq. (2.2) we conclude 
that 

iV = $-i(ata), (2.3) 
and that the following commutation and anticommutation relations are obviously satisfied: 

[a,a^] = [N + l]-[N], {a, ^ [N + 1] + [N]. (2.4) 

The structure function ^(x) is characteristic to the deformation scheme. In table 1 the structure functions correspond- 
ing to different deformed oscillators are given. They will be further discussed at the end of this section. 

It can be proved that the generalized deformed algebras possess a Fock space of eigenvectors |0 >, |1 >, 
|n >, ... of the number operator N 

N\n >= n\n >, < n\m >— 5nm, (2.5) 
if the vacuum state |0 > satisfies the following relation: 

a|0>=0. (2.6) 

These eigenvectors are generated by the formula: 

l«>-^(«0"|0>, (2.7) 



where 

n n 

w!=nw=n*(^)- (2-8) 

fe=i fe=i 

The generators and a are the creation and annihilation operators of this deformed oscillator algebra: 



a\n >= ^/\n\a\n - I >, a^n >= \/[n + l]a\n + I > . (2.9) 
These eigenvectors are also eigenvectors of the energy operator 

H =^{aa^ + a^a), (2.10) 

corresponding to the eigenvalues 

E{n) = ^($(n) + $(n + 1)) = ^{[n] + [n + 1]). (2.11) 

For 

$(n) = n (2.12) 
one obtains the results for the ordinary harmonic oscillator. For 

n _ -n 

^n) = ^ ^— [n], (2.13) 

q-q 

one has the results for the g-dcformed harmonic oscillator ||, §| , while the choice 

Hn) ^ ^-1 = [n]Q (2.14) 



Table 1: Structure functions of special deformation schemes 



$(a;) Reference 



q-p~ 



harmonic oscillator, bosonic 
algebra 

g-deformed harmonic oscillator 
§11 

Arik-Coon, Kuryshkin, or Q- 
deformed oscillator |Q, || 

2-parameter deformed oscillator 



V x{p + 1 — x) parafermionic oscillator ||3^ 

VI — ' . , i, \ — 0-detormed paratermiomc oscilla- 

tor @ H 

vii a;cos^(7ra;/2) + {x + p — I) sin^(7rx/2) parabosonic oscillator l32| 

sinh(T3:) cosh(T(a;+2Aro-l)) „^„2t^„/o\ , 
ih(r) SS5h(7) COS (TTX/Z) + 



smii 



g-deformed parabosonic oscillator 



ix sin^7ra;/2 fermionic algebra |]35| 

X g^^^ sin^ 7rx/2 g-deformed fermionic algebra 

13, g n, 1^, |ii 



xii fHOl 

sn(r) 



generalized g-deformed fermionic 
algebra El 



xiii fol 



leads to the results of the Q-deformed harmonic oscillator |^. Many more cases are shown in table 1, on which the 
following comments apply: 

i) Two-parameter deformed oscillators have been introduced j2^, |T], in analogy to the one-parameter de- 
formed oscillators. 

ii) Parafermionic oscillators of order p represent particles of which the maximum number which can occupy 
the same state is p. Parabosonic oscillators |^ can also be introduced. 

iii) g-deformed versions of the parafermionic and parabosonic oscillators have also been introduce d Q . 

iv) g-deformed versions of the fermionic algebra |^ have also been introduced |8, 39, 4^, [4l|, as well as 



q'-deformed versions of generalized g-deformed fermionic algebras |42[| . It has been proved, however, that q-deformed 
fermions are fully equivalent to the ordinary fermions ^ . 

3 Equivalence of unification schemes of deformed oscillators 

Using the definition (eqs (2.1), (2.2)) of the deformed algebra we can find the relation between the present formalism 
and the various deformation frameworks introduced recently. For each deformation framework the structure function 
$(x) can be determined. Thus each deformation scheme is equivalent to the unified treatment expressed by eqs (2.1) 
and (2.2). 

3.1 The Beckers— Debergh unification scheme 

Beckers and Debergh proposed recently Eq] a unification scheme based on the following set of relations: 



aa 



-g{q)a^a^\[N+l]\+g{q)\[N]\, (3.1) 



cV >= y'\[n+l]\\n+l >, (3.2) 



c|7i >= vTNII" - 1 >, (3-3) 

where g{q) is an ordinary function of the parameter q and the bracket [n] is a function of n. Obviously the corre- 
spondence between the Beckers-Debergh formahsm and the algebra defined by eqs (2.1), (2.2) is given by defining the 
structure function $(a;) as follows: 

Hx) = \[x]\. (3.4) 

In eq. (2.2) is not used explicitly, eq. (3.1) being used instead. If one considers eq. (2.2) as the fundamental one, 
then eqs (3.1)-(3.3) are satisfied, simplifying considerably the demonstrations of the theorems. 

3.2 The Odaka— Kishi— Kamefuchi unification scheme 

Odaka-Kishi-Kamcfuchi proposed an algebra generated by the following relations: 

[a,J\f]^a, [a\M]=-a\ (3.5) 

[a\a]^^a^a + aaa^ ^G(J\f), (3.6) 
where the spectrum of the operator J\f is given by: 

Af\n>^ {n + No)\n> . (3.7) 

After a little algebra Odaka-Kishi-Kamefuchi |Q define the numbers /„: 

n 

= (< n|a|n + 1 >f = (-l)'"a"^"+'^G(„_„), (3.8) 

m=0 

where Gn —< n\G{Af)\n >. Without difficulty we can find the correspondence between the general definition (eqs 
(2.1), (2.2)) and the formalism of the Odaka-Kishi-Kamefuchi (eqs (3.5)-(3.8)). The number operator TV in eq. (2.2) 
is related to the operator M by the relation: 

N = JV - No=JV- <0\M\0>, (3.9) 
while the structure function $(a;) is the solution of the equation: 

^ix) + a<P{x + l) = Gix + No). (3.10) 

The stucture function ^{x) is also related to the numbers /„ in eq. (3.8) by: 

$(n + l) = /„. (3.11) 

In many concrete cases eq. (3.11) can be used directly for finding the correspondence between the various 
formalisms. An example is the case of the parabosonic oscillator [^. In eq. (6) of the numbers /„ are determined 
by: 

J _ r n + 2No for n=even 
" 1 71 + 1 for n=odd 

From eq. (3.11) we find that 

$(a;) = a;cos2(7ra;/2) + {x + 2No - 1) sin2(7ra;/2), (3.13) 
while in the case of the g-deformed version of the parabosons (eq. (10) of [p4|) the structure function is given by 

^ sinh(rx) cosh(r(. + 2jyo - 1)) ^ sinh(r(x + 27yo - 1)) cosh(rx) (3_^4) 

sinh(r) cosh(T) sinh(T) cosh(T) 

3.3 The generalized deformed oscillator 



The method of the generalized deformed oscillator proposed by Daskaloyannis [g^, 11, IJ] is essentially the same with 
the algebra generated by eqs (2.1) and (2.2). In ||l^ the initial assumption was that there is a function g{x) such that: 

aa^ — g{a^a). (3.15) 

This assumption is equivalent to the statement given by eq. (2.2), the structure function $(a;) being given by the 
solution of the functional equation: 

$(l + $"^(a;)) =5(a;). (3.16) 



3.4 The bosonization scheme 

This method was initially proposed by Jannussis et al. The algebra is defined by: 



a = F(7V+l)&, = 6ti^(iV + 1), (3.17) 
where 5^,iV} is the usual oscillator algebra 

bh^N, bb^=N + l, [b,N]=b. (3.18) 
This theory is formally equivalent to the one proposed in this paper by defining the structure function to be: 

^{x)^xF{x). (3.19) 

3.5 The generahzed Q-deformed oscillator 

This algebra was proposed by Brodimas et al. |^ . It is based on the relation: 

aa^ -Qa''a = ,f(N). (3.20) 

The corresponding structure function is: 

'P{x + 1)-Q^{x) = fix). (3.21) 

4 Relation between the generalized deformed oscillator and the SUSY-QM 

The generation of the unified deformed oscillator schemes from eq. (2.2) shows the relation of this kind of theories 
with the N — 2 supersymmetric quantum mechanics (SUSY-QM) ^ 

Using the vocabulary of the SUSY-QM, we can identify the operators a^a and aa^ as being the partner hamilto- 
nians and of the SUSY-QM. These partner hamiltonians have common eigenstates \n > corresponding to the 
eigenvalues $(n) and $(n + 1), 

H+\n>=E+\n>, E+ = <i>{n), (4.1) 

H^\n>^E-\n>, E-=^n + l). (4.2) 

It is clear that E~ — E^_^^, while ^(O) = is an eigenvalue only of the Hamiltonian and not of Thus for 
the state |0 > represents the ground state with eigenvalue Eq = 0, while no eigenstate with zero eigenvalue exists for 
1^9], The ground state eigenvalue of is non-zero. 
The operators and a correspond to the raising and lowering operators of the SUSY-QM. The supersymmetric 
charges can be defined as: 

Q=(0 0^ - ^0 at 

The SUSY hamiltonian is defined by: 



Hs = {Q,Q^}=[%^ (4.4) 
It follows then that 

[Q,Hs]^[Q+,Hs]^0, q2^(Q+)' = 0. (4.5) 

Eqs (4.3)-(4.5) suggest that the unified schemes for deformed oscillators are essentially similar to the SUSY-QM. 

Starting from this point of view one can generate a SUSY-QM using, for example, the g-deformed oscillator of 
Biedenharn Q and Macfarlane The present construction is an example of usual SUSY-QM, different from the 
g-deformed N=2 SUSY-QM recently constructed by Spiridonov [ |5l|| . 

We have so far proved that the various unified deformation schemes existing in the literature are equivalent 
methods of creating a deformed oscillator. Their common root is based on the fact that all these theories can be 
deducted from an operator algebra {l, a, a^, 7V} with the properties: 



xt,7V]==-at, (4.6) 



fltfl = $(iV) = [A^], aa'' = ^{N + 1) ^ [N + 1], (4.7) 

where $(a;) is a positive analytic structure function with ^(O) = 0. The above formulation shows the relation between 
the deformed oscillator formalism and the usual N=2 SUSY-QM. To every deformed oscillator corresponds an N=2 
SUSY example. 



An interesting problem is to examine which kind of multidimensional deformed oscillator algebra could correspond 
to N>2 SUSY-QM. Another interesting question is to study if the correspondence 

deformed oscillator =^ N=2 SUSY 
is invertible, i.e. if every N=2 SUSY algebra corresponds to a deformed oscillator scheme. It is also well known 
that one can find SUSY algebras generated by superpotentials. The relation between superpotentials and deformed 
oscillators should be examined. From the physical point of view, the implications of the present findings on the recent 
effort of describing isospectral superdeformed bands in neighbouring nuclei by SUSY-QM techniques should also 
be studied. 



5 Generalized deformed su(2) algebras 

Generalized deformed su(2) algebras having representation theory similar to that of the usual su(2) have been con- 
structed in iQ . It has been proved that it is possible to construct an algebra 

[Jo,J±]-±J±, [J+,J-] -$(Jo(Jo + !))-$( Jo( Jo- 1)), (5.1) 

where Jq, J+, J_ are the generators of the algebra and <I>(x) is any increasing entire function defined for x > —1/4. 
Since this algebra is characterized by the function $, we use for it the symbol su$(2). The appropriate basis \l,in > 
has the properties 

JolljUi >— m\l,m >, (5.2 



J+\l,m >= ^J<^{1{1 + 1)) - $(m(m + l))|?,m-t- 1 >, (5.3 



J-\l,m>^ y^mH + 1)) - $(m(m- 1))|?,TO- 1 >, (5.4 

where 

13 5 

Z = 0,-,l,-,2,-,3,..., (5.5 

and 

m = -I, -I + 1,-1 + 2,..., I -2, 1 -1,1. (5.6 

The Casimir operator is 

C = J-J+ + $(Jo(Jo + 1)) = J+J- + $(Jo(Jo - 1)), (5.7 

its eigenvalues indicated by 

C|/,m >= $(i(? + l))|/,m > . (5.8 

The usual su(2) algebra is recovered for 

<l>{x{x + l)) = x{x + l), (5.9 

while the quantum algebra suq(2) 

[Jo, J±] = ± J±, [J+, J-] = [2Jo]„ (5.10 

occurs for 

1>{x{x + 1)) ^ [x]g[x + 1]„ (5.11 

with g-numbers defined as 



(5.12 



The su$(2) algebra occurs in several cases, in which the rhs of the last equation in (5.1) is an odd function of Jq. 



5.1 Two identical particles in two dimensions 

Let us consider the system of two identical particles in two dimensions. For identical particles observables of the 
system have to be invariant under exchange of particle indices. A set of appropriate observables in this case is [p^ 

li = (xi)^ + (2:2)^, u = (a;i)^ - (2:2)^, w = 2xiX2, (5.13) 

U={pif + {P2)^ V^{pi)^-{p2f, W^2p,p2, (5.14) 

Ci = 2ixiPl+PlXl), C2 = jix2P2+P2X2), M ^ X1P2 + X2P1, (5.15) 



where the indices 1 and 2 indicate the two particles. These observables are known to close an sp(4,R) algebra. A 
representation of this algebra can be constructed fl^ , |53|| using one arbitrary constant rj and three matrices Q, R, and 
S satisfying the commutation relations 

[S,Q]^-2iR, [S,R]=2iQ, [Q, R] = -8iS{r] - 23"^). (5.16) 

The explicit expressions of the generators of sp(4,R) in terms of 77, S, Q, R are given in jl6| and need not be repeated 
here. Defining the operators 

X = Q~iR, Y = Q + iR, So^^, (5.17) 

one can see that the commutators of eq. (5.16) take the form 

[^0,^]-^, [So,Y]^~Y, [X,Y]^32So{v~S{Sof), (5.18) 

which is a deformed version of su(2). It is clear that the algebra of eq. (5.18) is a special case of an su$(2) algebra 
with structure function 

$(Jo(Jo + 1)) = 167yJo(Jo + 1) - 64(Jo(Jo + 1))'. (5.19) 
The condition that ^{x) has to be an increasing function of x implies the restriction x < rj/S. 

5.2 Kepler problem in 2-dim curved space 

Studying the Kepler problem in a two-dimensional curved space with constant curvature A one finds the algebra JlTf 

[L, R±]=±R±, [R_,R^] = F (^L + - F (^L - (5.20) 

where 

F{L) = I? + 2HL^ - XL^ (^L^ - ^ . (5.21) 

It is then easy to see that 

[R+,R-]=2l(^-2H+^^ +iXL\ (5.22) 
which corresponds to an su$ (2) algebra with 

$(Jo(Jo + 1)) = (^-2H + Jo(Jo + 1) + A(Jo(Jo + 1))2. (5.23) 

For $(x) to be an increasing function, the condition 



Xx>H-^ (5.24) 
8 



has to be obeyed. 



5.3 Isotropic oscillator in 2-dim curved space 

In the case of the isotropic oscillator in a two-dimensional curved space with constant curvature A one finds the algebra 


[L,S±]^±2S±, [S-,S+]=G{L + l)-G{L-l), (5.25) 

with 

G(L) =H^-(^uj^ + ^ + XH^ L2 + ^X^L\ (5.26) 

Using L ^ L/2 one easily sees that 

[L,S±]:^±S±, [S+,S-]^8l(^uj^-^ + Xh'^^16X'^P, (5.27) 
which corresponds to an su$(2) algebra with 

$(Jo(Jo + 1)) = 4 ^2 - ^ + Xh] Jo(Jo + 1) - 4A2(Jo(Jo + 1))'. (5.28) 



For $(a;) to be an increasing function, the condition 

1 

2A2 \^ 4 

has to be satisfied. 



^<T^(^'-^ + ^H] (5.29) 



5.4 The quadratic Hahn algebra QH(3) 

The quadratic Hahn algebra QH(3) jlj] 

[K,,K2]=Ks, (5.30) 

[K2, K3] = A2KI + CiKi + DK2 + Gi, (5.31) 

[K3, Ki] = A2{KiK2 + K2K1) + C2K2 + DKi + G2, (5.32) 

can be put in correspondence to an su$(2) algebra in the special case in which Ci = — 1 and D — G2 — Q- The 



equivalence can be seen [54 by defining the operators 



J+ + J- J+ - J- 

Ji = , J2 = . (5.33) 

Then the su,j>(2) commutation relations can be written as 

[Jo, Ji] = U2, [Jo, J2] = -iJi, (5.34) 

[Ji, J2] = \mUJo + 1)) - HMJo - 1)). (5.35) 
Subsequently one can see that the two algebras are equivalent for 

Ki = Ji+ A2JI + Gi, K2 = Jo, K3 = -iJa, (5.36) 

and 

$(Jo(Jo + 1)) = -(2A2G1 + G2) Jo(Jo + 1) - ^2(Jo(Jo + I))'. (5.37) 
For $(a;) to be an increasing function, the condition 

2A2G1 ^ G2 

has to be obeyed. 



^ < (5-38) 



5.5 The finite W algebra Wq 

It is worth remarking that the finite W algebra Wq [|l9j 

[C/o,Lo±] = ±L± (5.39) 

[L+, = {-k{k - 1) - 2{k + l)h)UQ + 2(C/o)^ (5.40) 

is also an su$ (2) algebra with 

$( Jo( Jo + 1)) = (-h^t_A _ (A; + l)}^ J,{J, + 1) + i(Jo( Jo + 1))^ (5.41) 



For $(x) to be an increasing function, the condition 



x>^^^^^—^ + {k+l)h (5.42) 



has to be satisfied. 



In all of the above cases the representation theory of the su$(2) algebra immediately follows from eqs. (5.2)-(5.4). 
In each case the range of values of the free parameters is limited by the condition that ^{x) has to be an increasing 
entire function defined for x > —1/4. The results of this section are summarized in table 2. 



Table 2: Structure functions of generalized deformed su(2) algebras. For conditions of validity for each of them see 
the corresponding subsection of the text. 



*(-^o(-^o + 1)) Reference 



i Jo{Jo + 1) usual su(2) 

ii [JoWo + l], su,(2) |,|,§ 
iii 



1677Jo(Jo + 1) — 64(Jo(Jo + 1))^ 2 identical particles in 2-dim |16 

iv {-2H + I) Jo( Jo + 1) + A(Jo(Jo + 1))^ Kepler system in 2-dim curved 

space 

V 4(^2 - ^ + Aij) Jo(Jo + 1) -4A2(Jo(Jo + 1))^ isotropic 

oscillator in 2-dim curved space 



vi -(2^2Gi + C2)Jo(Jo + 1) - ^i(Jo(Jo + 1))^ quadratic Hahn algebra QH(3) 



vii (^_Hh^ _ (fc + i^h^ + 1) + 1 (Jo( Jo + 1))2 finite W algebra Wo jlll 



6 Generalized deformed parafermionic oscillators 

The relation of the above mentioned algebras, and of additional ones, to generalized deformed parafermions is also 
worth studying. 

It has been proved [ pO[ that any generalized deformed parafermionic algebra of order p can be written as a 
generalized oscillator with structure function 

F{x) ^x{p+l- x){X + fix + vx^ + px^ -f cr.T** -I- . . .), (6.1) 

where A, ^, v, p, a, ... are real constants satisfying the conditions 

X + Hx + i^x'^ + px^ + (Tx^ + . . . > 0, X £ {1,2, . . . ,p}. (6.2) 

6.1 The su$(2) algebra 

Considering an su$(2) algebra with structure function 

Jo(Jo + 1)) = AJoiJo + 1) + B( Jo( Jo + 1))' + C(Jo(Jo + l))^ (6.3) 
and making the correspondence 

A\ J_ ^ A, Jo ^ N, (6.4) 

one finds by equating the rhs of the first of eq. (2.4) and the last of eq. (5.1) that the su$(2) algebra is equivalent to 
a generalized deformed parafermionic oscillator of the form 

F{N) = Nip+l-N)[-{p''{p+l)C + pB) + {p^C+{p-l)B)N+{{p^~p+l)C + B)N^ + {p-2)CN'^ + CN^], (6.5) 

if the condition 

A + p{p+l)B+p^{p+l)^C ^0 (6.6) 

holds. The condition of eq. (6.2) is always satisfied for B > and C > 0. 

In the special case of C = one finds that the su$(2) algebra with structure function 

$(Jo(Jo + 1)) = AJo(Jo + 1) + S(Jo(Jo + 1))2 (6.7) 

is equivalent to a generalized deformed parafermionic oscillator characterized by 

F{N) = BN{p + 1 - N){-p +{p- 1)N + N^), (6.8) 

if the condition 

A+pip+l)B = (6.9) 



is satisfied. The condition of eq. (6.2) is satisfied for B > 0. 

Including higher powers of Jq{Jo + 1) in eq. (6.3) results in higher powers of N in eq. (6.5) and higher powers of 
p{p+ 1) in eq. (6.6). If, however, one sets _B = in eq. (6.7), then eq. (6.8) vanishes, indicating that no parafermionic 
oscillator equivalent to the usual su(2) rotator can be constucted. 

6.2 The finite W algebra Wq 

The Wo algebra ||l9| of eqs (5.39)-(5.40) is equivalent to a generalized deformed parafermionic algebra with 

F{N) = N{p+l- N)^{-p +{p- 1)N + N^), (6.10) 

provided that the condition 

k{k - 1) + 2{k + l)h = p{p + 1) (6.11) 
holds. One can easily check that the condition of eq. (6.2) is satisfied without any further restriction. 

6.3 Isotropic harmonic oscillator in a 2-dim curved space 

The algebra of the isotropic harmonic oscillator in a 2-dim curved space with constant curvature A for finite represen- 
tations can be put in the form | ]55| 

F{N) = AN{p +1-N) (^X{p +l-N) + Vw2 + A2/4) (aTV + y^uj'^ + X^/Aj , (6.12) 

the relevant energy eigenvalues being 



E,^^u;^ + ^ip+l) + ^ip+ir, (6.13) 

where uj is the angular frequency of the oscillator. It is clear that the condition of eq. (6.2) is satisfied without any 
further restrictions. 

6.4 The Kepler problem in a 2-dim curved space 

The algebra of the Kepler problem in a 2-dim curved space with constant curvature A for finite representations can be 
put in the form p5| 

4/i2 ^ Jp+l-2iV)2^ 
,(p"+lF ' 



FiN) ^Nip+1-N)( + A ^^----^ ) , (6.14) 



the corresponding energy eigenvalues being 

^^ = ~(^TTF^^^^' ^ ^ ^ 

where fi is the coefhcient of the — 1/r term in the Hamiltonian. It is clear that the restrictions of eq. (6.2) are satisfied 
automatically. 

6.5 The Fokas— Lagerstrom potential 

The Fokas-Lagerstrom potential |^ is described by the Hamiltonian 

H^I{pI+pI) + ^ + ^. (6.16) 

It is therefore an anisotropic oscillator with ratio of frequencies 3:1. For finite representations it can be seen [55| that 
the relevant algebra can be put in the form 



F{N) = IGNip +1-N)\^p+--Nj\^p+--N] (6.17) 
for energy eigenvalues iJp = p -I- 1 , or in the form 

F{N) = 16N{p +l-N)fp+^-Njfp+^-N] (6.18) 



for eigenvalues Ep = p + 2/3, or in the form 

F{N) = im{p +l-N)[p+^-N\[p+--N\ (6.19) 



for energies Ep — p + 4/3. In all cases it is clear that the restrictions of eq. (6.2) are satisfied. 

6.6 The Smorodinsky— Winternitz potential 

The Smorodinsky- Winternitz potential is described by the Hamiltonian 

H=l{pl+pl) + k{x^+y') + ^, (6.20) 

i.e. it is a generalization of the isotropic harmonic oscillator in two dimensions. For finite representations it can be 
seen [E^ that the relevant algebra takes the form 



F{N) = 1024fc2Ar(p +1-N){n+1-)(p+1 + ^^i±^ _ n ) (6.21) 



for c > — 1 /8 and energy eigenvalues 



4 4 

In the special case of— 1/8 < c< 3/8 and energy eigenvalues 



Ep^Vsk{p+^ + ^^I±^), p=l,2,.... (6.22) 



Ep^V8k[p+^-^^I±^), P=l,2,... (6.23) 



the relevant algebra is 



F{N) = m2Ak^N{p +l-N)(^N + ^^ (p + I - ^Li±^ - . (6.24) 
In both cases the restrictions of eq. (6.2) are satisfied. 

6.7 Two identical particles in two dimensions 

Using the same procedure as above, the algebra of eq. (5.18) can be put in correspondence with a parafermionic 
oscillator characterized by 

F{N) = Nip + 1 - N)6A{p + (1 - p)N - N^), (6.25) 

if the condition 

T] = Ap{p + 1) (6.26) 
holds. However, the condition of eq. (6.2) is violated in this case. 

6.8 The quadratic Hahn algebra QH(3) 

For the quadratic Hahn algebra QH(3) of eqs (5.30)-(5.32) one obtains the parafermionic oscillator with 

F{N) = N{p + 1 - N)Al{p + (1 - p)N - N^), (6.27) 

if the condition 

p{p + l)Al + 2A2G1 + C2 = (6.28) 
holds. Again, eq. (6.2) is violated in this case. 



6.9 The finite W algebra W^^^ 
The finite W algebra W^^^ pi, 



, |26|, |2j| is characterized by the commutation relations 

[H, E] = 2E, [H, F] = -2F, [E, F] = + C, 
[C,E] = [C,F] = [C,H]^0. 
Defining H — H/2 these can be put in the form 

[iJ, E] = E, [H, F] = -F, [E, F] = iH^ + C, 

[C,E] = [C,F] = [C,H]=Q. 
This algebra is equivalent to a parafermionic oscillator with 



provided that the condition 



F{N) = -Nip + 1 - 7V)(2p - 1 + 2iV), 



C = --p{2p+l) 



(6.29) 
(6.30) 

(6.31) 
(6.32) 

(6.33) 

(6.34) 



holds. One can easily see that the condition of eq. (6.2) is satisfied without any further restriction. 

6.10 The Holt potential 

The Holt potential 



H = hpl+pl) + {x' + Ai/) + ^ 
2 " X 



(6.35) 



is a generalization of the harmonic oscillator potential with a ratio of frequencies 2:1. The relevant algebra can be put 
|55|1 in the form of an oscillator with 



F{N) = 2^^/^N{p +l-N)[p+\ + 
where (1 + 8(5) > 0, the relevant energies being given by 



N 



E.„^^/^(p+l 



VI + 8(5 



In this case it is clear that the condition of eq. (6.2) is always satisfied without any further restrictions. 
In the special case — ^ < (5 < | one obtains pst] 



(6.36) 



(6.37) 



F{N) = 2''^'N{p +1-N)(^p+1- ^^I±E _ 



the relevant energies being 



En^Vsip+l- 



The condition of eq. (6.2) is again satisfied without any further restrictions within the given range of S values. 
The deformed oscillator commutation relations in these cases take the form 



[N,A^]^A^, [N,A] 



-A 



[A, ^t] = 2^3/2 (^3N^ -n(^4:P+1± Vl + 8(5^ +p^± ^pVT+Jc 

It can easily be seen that they are the same as the Wg^'' commutation relations [|4, 25, 26 

F^aA^, E = pA, C = f{p), H = -2N + k{p), 

where 

pa = 2^19/73, k{p) = i (4p + 1 ± VTTSj) , 

f{p) = ^ (l4p2 + 4p± (jp + 1)VTT8^ + 1 + 4(5) . 

It is thus shown that the Holt potential possesses the W3 symmetry. 
The results of this section are summarized in table 3. 



(6.38) 
(6.39) 

(6.40) 
(6.41) 

with the identifications 
(6.42) 

(6.43) 
(6.44) 



Table 3: Structure functions of deformed oscillators. For conditions of validity and further explanations in the case 
of the various generalized deformed parafermionic oscillators see the corresponding subsection in the text. 



FiN) 



Reference 



1 

ii 



m 
iv 



vn 
viii 

ix 



N 



q-q 



mq 



N{p +1-N) 
[N],[p+l-N], 

N{p + 1 - N){\ + /iiV + vN"^ + pN^ + criV* + . . .) 



vi N(j) + 1 - N)[~{p^{p + 1)C + pB) + {p^C +{p~ l)B)N 
+ -p+l)C + B)N^ + {p- 2)CN^ + CiV^] 

BN{p +1- N){-p+{p-l)N + N'^) 

N{p+1- N)^{-p +{p- 1)N + N^) 

AN{p +1-N) [\{p +1-N) + y/uj^ + A2 /4) 
N{p+l^N)(^ + X^-B±^ 



167V (p +1- N){p+l- N){p+^- N) 
or l&N{p +1- N){p+^- N\{p+^- N 
or im{p + I - N){p + I - N)\p +1 - N 

lQ2Ak'^N{p +1- N){N +\) (^p+l± ^^^^ - 
lN{p +l~N){2p-l + 2N) 
223/2iV(p +l-N)(p+l± _ at) 



harmonic oscillator 

g-deformed harmonic oscillator 
iJI 

parafermionic oscillator |Q 
g-deformed parafermionic oscilla- 



tor 1 33 



generalized deformed 
parafermionic oscillator pof 

3-term su$(2) algebra 
(eq. 6.3) 

2-term su$(2) algebra (eq. 6.7) 
finite W algebra Wq ^ 

isotropic oscillator in 2-dim 

curved space jl^, |5^ 

Kepler system in 2-dim curved 
space 0, Hi 

Fokas-Lagerstrom potential 



55 



Smorodinsky-Winternitz poten- 
tial |5l 



finite W algebra wf ' |24[ |2|, | 

ill 

Holt potential pi, M 



7 Discussion 

In summary, we have proved that the deformation schemes introduced in the literature as unifying frameworks for 
various deformed oscillators (summarized in table 1) are equivalent, their unified representation leading to a corre- 
spondence between the deformed oscillator and the N=:2 supersymmetric quantum mechanics (SUSY-QM) scheme. 
In addition, we have shown that several physical systems (two identical particles in two dimensions, isotropic os- 
cillator and Kepler system in a 2-dim curved space) and mathematical structures (quadratic Hahn algebra QII(3), 
finite W algebra Wq) are identified with a generalized deformed su(2) algebra, the representation theory of which 
is known. The results are summarized in table 2. Furthermore, the generalized deformed parafermionic oscillator is 
found to describe several physical systems (isotropic oscillator and Kepler system in a curved space, Fokas-Lagerstrom, 
Smorodinsky-Winternitz and Holt potentials) and mathematical constructions (generalized deformed su(2) algebras, 
finite W algebras Wq and Wg'^''). The results are summarized in table 3. The framework of the generalized deformed 
parafermionic oscillator is more general than the generalized deformed su(2) algebra, since in the rhs of the relevant 
basic commutation relation in the former case (first equation in eq. (2.4)) both odd and even powers are allowed, while 
in the latter case (eq. (5.1)) only odd powers are allowed. 

The relevance of deformed oscillator algebras, finite W algebras and quadratic algebras in the study of the 
symmetries of the anisotropic quantum harmonic oscillator in two and three [st] dimensions is receiving attention. 
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